We argue that the static non-linear Hall conductivity can always be represented as a vector in two-dimensions and as a pseudo-tensor in three-dimensions independent of its microscopic origin. In a single band model with a constant relaxation rate this vector or tensor is proportional to the Berry curvature dipole [5] . Here, we develop a quantum Boltzmann formalism to second order in electric fields. We find that in addition to the Berry Curvature Dipole term, there exist additional disorder mediated corrections to the non-linear Hall tensor that have the same scaling in impurity scattering rate. These can be thought of as the non-linear counterparts to the sidejump and skew-scattering corrections to the Hall conductivity in the linear regime. We illustrate our formalism by computing the different contributions to the non-linear Hall conductivity of two-dimensional tilted Dirac fermions.
Introduction-Two independent experimental studies have recently reported the discovery [1, 2] of the time-reversalinvariant non-linear Hall effect (NLHE) in layered transition metal dichalcogenides. Unlike the ordinary Hall effect, the NLHE can occur in time-reversal-invariant metals lacking inversion symmetry [3] [4] [5] [6] . Building upon previous studies [3, 4] a simple semiclassical theory of this effect was developed in Ref. [5] based on the notion of the Berry curvature dipole (BCD): a tensorial object measuring the average gradient of the Berry curvature over the occupied states. In a single band model with a constant relaxation rate the non-linear conductivity of a time reversal invariant metal was found to be proportional to the BCD. Several subsequent studies have addressed the NLHE and related effects in a variety of contexts and material platforms [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] .
In this letter we elaborate further on the theory of the NLHE. We argue that the non-linear Hall conductivities can always be described by a pseudo-tensor in three-dimensions and a pseudo-vector in two-dimensions independent of their microscopic origin. This implies, that constraints imposed by crystal symmetry on the non-linear Hall pseudotensors/vectors follow from generic principles and in particular they are identical to the constraints imposed by crystal symmetry on the BCD pseudo-tensor/vector identified in Ref. [5] . We study the NLHE within the quantum Boltzmann approach developed in Ref. [17] which is able to capture a variety of phenomena in multi-band systems [18] . We have encountered several contributions to the NLHE beyond the BCD contribution. Notably, we have found non-linear side-jump (NLSJ) and skew-scattering (NLSK) terms, analogous to the corrections of the linear Hall conductivity [19] , which have the same scaling with the scattering rate as the BCD contribution. Our approach also captures the intrinsic NLHE allowed in time-reversal broken metals identified in Ref. [20] .
Symmetry constraints on the non-linear Hall effect-Let us consider a metal in a steady state flow of electric current in the presence of DC electric fields. To second order in electric fields the linear and non-linear conductivity tensors capture the electric current response: 
Here α refers to space indices and sum over repeated indices is understood. The power supplied by the electric field on the electronic fluid is the scalar p = j α E α . We wish to separate the conductivity tensors into the components that contribute to the power and dissipationless or Hall components. All the transformation properties discussed in this section follow from the elementary fact that the current and electric fields transform as vectors under coordinate changes and a little bit of Levi-Civita gymnastics. Before considering the non-linear response, we briefly review the case of the linear conductivity σ αβ , where the decomposition amounts to separating the tensor into symmetric and antisymmetric components. In 2D there is a single independent component characterising the antisymmetric conductivity, which is the Hall conductivity, and transforms as a pseudo-scalar under a spatial symmetry coordinate changes:
here ε αβ is the 2D Levi-Civita symbol and O is an orthogonal matrix describing a symmetry transformation. Equation (2) implies the well-known constraint that the Hall conductivity vanishes when the system has a left-handed symmetry (det(O) = −1) such as a mirror plane. In 3D there are three independent components of the Hall conductivity that transform as a pseudo-vector:
Here ε αβγ is the 3D Levi-Civita symbol. Equation (3) leads to useful constraints, such as that the Hall vector must be normal to any mirror plane, and, that the presence of two independent mirror planes would force all its components to vanish.
Let us now consider the case of the non-linear Hall conductivity tensor χ αβγ . In order to isolate the components that do not contribute to dissipation it suffices to antisymmetrise the first index with either the second or third. These two choices of antisymmetrization are equivalent because, by construction, this tensor is symmetric under the last two indices χ αβγ = χ αγβ . Thus, one obtains that in 2D the second order Hall response has two independent components that transform as a pseudo-vector [21] under space symmetries:
We will refer to χ Hγ as the non-linear Hall vector. This transformation rule implies that the non-linear Hall vector in 2D is always orthogonal to the mirror planes, and that two or more mirrors would force it to identically vanish. In 3D one finds that there are 9 independent components of the non-linear Hall conductivity that transform as a rank 2 pseudotensor:
We will refer to χ Hγη as the non-linear Hall tensor. The constraints imposed by different space groups on the non-linear Hall vector and tensor follow from these transformation laws and are identical to those of the BCD described in Ref. [5] . In fact, in the case of the single band model with a constant relaxation rate of Ref. [5] , there is a simple relation between the non-linear Hall and the BCD tensors, which, after symmetrising the DC conductivities from Ref. [5] , reads as:
Thus the non-linear Hall vector is proportional to the BCD vector in 2D, while in 3D it is proportional to the traceless part of the BCD pseudo-tensor. As we will see, there are further terms contributing to the non-linear Hall tensor beyond the BCD. Importantly, some of them can also be linear in the scattering rate τ .
Quantum Kinetic Framework-We
where ρ = c † nk c n ′ k . We employ the gauge in which the electric field is coupled linearly to the position operator, and we use the representation of this operator in the Bloch basis [22, 23] :
where
is the non-Abelian Berry connection matrix. The collision operator is given by :
Here n i is the impurity density and U
Notice that the collision operator is a linear functional of the density matrix and satisfies the fundamental property that it vanishes when evaluated in any diagonal density matrix that is a function of the energy ρ
. This guarantees that the equilibrium Fermi-Dirac distribution is a solution of the quantum Boltzmann equation (QBE) in the absence of external electric field.
We solve the QBE perturbatively by performing a double expansion on the impurity density n i , which controls the disorder strength, and the driving electric field E. To do so, we write the density matrix as ρ = q,p ρ q,p , where ρ q,p is understood to vanish as E q n p i . The series must start at q = 0, namely ρ q<0,p = 0, for any p. Moreover the E 0 term must coincide with the equilibrium distribution which is independent of the impurity strength. Therefore ρ 0,0 = ρ 0 and ρ 0,p =0 = 0.
We expect that for any q , ρ q,p will have a strongest singularity of the form 1/n q . This singularity encodes the fact in the clean limit the distribution is unable to reach a steady state in the absence of collisions. The largest power of this divergence follows from the expectation that the distribution has a leading correction at order q of the form E q τ q , where τ ∼ 1/n i is the relaxation time. Therefore, the expansion takes the form:
The QBE can be solved recursively. The detailed recursive solution is described in the supplementary material [24] . We present here expressions for density matrices to second order in electric field, {ρ 2,−2 , ρ 2,−1 , ρ 2,0 }, in terms of the density matrices linear in electric field {ρ 1,−1 , ρ 1,0 }. Expressions for the latter are derived in Ref. [17, 24] . Our results can be used for any band structure with quenched disorder. The leading term in scattering rate is a diagonal matrix and given by:
here I
−1
D is the inverse of the collision operator viewed as an ordinary matrix acting on the diagonal part of the density matrix viewed as a vector [17] . This term is the leading semiclassical term from Boltzmann theory that scales as τ 2 [5] . The next correction is ρ 2,−1 which scales as τ , and contains several effects that are the focus of our study. First, its band off-diagonal part (m = m ′ ), is the sum of two matrices that give rise to the BCD and NLSJ terms:
where we assume no band degeneracies at the fermi surface. Second, its band diagonal part (m = m ′ ), is the term giving rise to the NLSK:
where ρ OD2,−1 = ρ BCD + ρ NLSJ . Equations (14)- (16) contain all contributions up to order τ . One can continue the expansion with the sub-leading matrix ρ 2,0 and several terms independent of τ would appear. Among these, one encounters an intrinsic band-off-diagonal term that depends only on band properties and not on collisions, given by:
As we will see, this term gives rise to the intrinsic NLHE in time-reversal broken metals first identified in Ref. [20] . Given the density matrix one can compute any observable. In particular, the electric current will be given by the average of the velocity, and thus the non-linear conductivity will be:
Non-linear Hall conductivity of 2D Dirac Fermions-To apply our formalism we consider a model of tilted 2D Dirac cones, which captures the low energy properties of various Dirac materials, such as the surface of topological crystalline insulators [25, 26] and strained transition metal dichalcogenides. Their effective Hamiltonian is [5] :
where v is the Fermi velocity, β the gap, and α the tilt. The dispersion is ǫ
Using the following gauge for the Bloch states:
the non-abelian Berry connection vector is found to be:
Assuming a simple model of disorder with a random distribution of delta function impurities of the form U (r) = i U 0 δ(r − r i ), the scattering time τ is found to be Before discussing the non-linear transport we briefly recapitulate the linear response regime. We take the tilt in this case to be zero α = 0, because the mass term β alone is enough to produce the linear Hall effect. The intrinsic part of the offdiagonal density matrix and its associated Hall conductivity are found to be (E = E xx ) [24] :
The above is equivalent to the well-known result from the integral of the Berry curvature. The extrinsic part of the off-diagonal and diagonal density matrices are found to be [24] :
From these one obtains respectively the side-jump and skewscattering contributions to the Hall conductivity [24] :
We observe that the side-jump contribution arises from the band off-diagonal part of ρ 1,0 while the skew-scattering contribution arises from the diagonal part of ρ 1,0 . Our skewscattering term differs by a factor of 3 with respect to that obtained in a diagrammatic non-crossing approximation [27, 28] although it has the same dependence on the mass and chemical potential. We note in passing that there is a debate on the full form of the linear Hall conductivity of massive Dirac fermions in the presence of disorder, as recent studies have advocated that diagrams beyond the non-crossing approximation have the same scaling in τ [28, 29] . Our formalism can be viewed as a reasonable compromise between simpler phenomenological approaches and fully microscopic descriptions of disorder. We expect additional corrections to be present in such fully microscopic descriptions.
We now turn our attention to the NLHE. For simplicity we approximate the scattering rate τ to be energy independent. This is not crucial: taking the energy dependence of the scattering rate does not alter the result in an important way [24] . We begin by considering the contribution arising from the band off-diagonal density-matrix in Eq. (14) that gives rise to the BCD term. From this matrix we find the following BCD contribution to the non-linear Hall vector defined in Eq. (4) to leading order in the tilt α [24] :
